Soap bubbles of equal volume readily crystallize as ordered polyhedral foam structures when introduced into tubes whose width is of the same order as the bubble diameter. In the past a large number of these structures have been identified experimentally for cylindrical tubes. The surface energy per bubble was computed using Ken Brakke's Surface Evolver software. We have now extended this work to tubes with square and triangular cross-section and present both experimental data and results of Surface Evolver calculations for a variety of new ordered foam structures. The result is a catalogue of all structures for which simulation results exist.
Introduction
When soap bubbles of equal volume are introduced into tubes they readily crystallize as ordered polyhedral foam structures, provided that the tube diameter is of the same order as the bubble diameter (and larger than the capillary length, in order to form dry foams [1] ). This phenomenon was noted as early as 1933 by Mann and Stephens [2] , who reported three ordered structures in tubes of cylindrical cross-section.
In recent years monodisperse foams have enjoyed renewed interest as objects of study [3] , with a large number of ordered monodisperse structures identified experimentally in cylindrical tubes [4, 5] for foams (and emulsions [6] ). Several structures have also been identified in the square geometry [7] . While in the simplest of these structures all bubbles are in contact with the tube wall, several contain at least one bulk bubble per unit cell.
The goal of this article is to provide a comprehensive catalogue of the simplest structures for which simulation results exist. We also present new results A c c e p t e d M a n u s c r i p t from experiment and simulation for tubes with triangular and square crosssections.
Such ordered foam structures may have direct applications in discrete microfluidics and lab-on-a-chip technologies. Microfluidics is the science and technology of systems that process or manipulate small amounts of fluids using channels with dimensions of tens to hundreds of micrometers [8] . Discrete microfluidic systems employ droplets, bubbles, or foams [9, 10, 11] , with applications on the larger-than-micron scale. Studying the structure and rheology of confined foams (and emulsions) will be key to designing such systems.
The Study of Ordered Foams in Confinement

Experimental Methods
An experimental set-up that may be conveniently used to produce ordered foam structures is sketched in Figure 1 . A glass or perspex tube of diameter 1-2 cm is partly submerged in a surfactant solution (commercial detergents which produce very stable foams are sufficient for these types of experiments which are concerned with foam structure only). Air or nitrogen gas is injected into the solution at the submerged end of the tube (through a capillary). Monodispersity of bubbles is achieved by using a pump or gas storage tank to ensure constant gas pressure. The bubble size is controlled via the diameter of the capillary opening and the gas pressure. As the bubbles are collected in the tube, they readily self-assemble into ordered structures, such as that shown in Figure 2 .
The type of structure formed as the bubbles fill the tube is crucially dependent on the ratio λ of the tube diameter to the bubble diameter. In the earliest comprehensive study conducted, Weaire et al. [12] identified 11 structures using a setup of the type shown in Figure 1 . Pittet et al. [4] extended the catalogue of cylindrical structures to 37 and included the ranges of λ for eleven of these. However, only nine of these structures have ever been simulated [5, 13] .
The experimental determination of bubble volume and of λ is as follows:
1. A long column of the desired structure is allowed to form. The length l of a section of the tube that contains a multiple of the unit cell (i.e., the simplest periodic subset of the structure) of the ordered structure is measured. The volume of this section is therefore
where A cs is the cross-sectional area of the tube. 2. The volume of a single bubble V b is then calculated by dividing V tot by the product of the number of bubbles in a unit cell of the structure and the number of unit cells in the section. The equivalent sphere radius of a bubble is then given by:
A c c e p t e d M a n u s c r i p t Figure 1 : A schematic representation of the apparatus used to produce ordered foam structures. Equal bubble volume, achieved by having constant air-flow, is the most important factor for obtaining ordered foam structures.
3. The ratio λ of characteristic tube width to bubble radius is then calculated, based on the definitions displayed in Figure 3 .
As can be seen from the definition of λ, it may be varied by either varying the tube diameter (by choosing a different tube) or by varying the bubble diameter. Varying the latter allows for smooth changes, as the bubble volume is easily controllable by adjustments of the gas pressure.
An additional adjustment mechanism is available when studying ordered foams using ferrofluids (to which surfactant is added) [14, 15] . In this case, bubble volume may be controlled by applying a magnetic field close to the nozzle and varying the field strength, to change the effective buoyancy of the emerging bubbles.
Yet another experimental method (which would deserve to be further investigated) for adjusting bubble volume was developed by Boltenhagen et al. [16] . An ordered foam structure was created in a cylindrical tube, consisting of a fixed number of bubbles N. The structure is confined between a stopper and a movable piston. Moving the piston allowed the volume of the bubbles to be changed continuously. By compressing and dilating (up to 500% of initial volume) the foam, structural transitions could be induced.
Determining precise values for the endpoints of the ranges of λ over which particular structures can exist is complicated by the effect of templating. In all the experiments mentioned above, some foam of an earlier λ value was already in the tube as the value of λ was changed. Bubbles may thus be forced into a 'wrong' structure. This holds both for the case where λ is changed by compression, or when bubbles with a different V b value are introduced (this is similar to a lattice mismatch in crystallography). M a n u s c r i p t A c c e p t e d M a n u s c r i p t
Simulation Methods
The question arising from confined foam experiments is: for some given λ value, what determines which ordered structure forms, or which alternatives are available? It is hypothesised that the structure that forms is generally the structures with least surface energy, although the hysteresis issues discussed above play an important role in experiment.
The surface energy of the confined foam structures may be calculated by computer simulation [5, 7, 13, 17] using Ken Brakke's Surface Evolver software [18] . This software enables the computation of cellular structures of minimal surface area for a given topology. This 'input' topology is generally obtained from careful visual analysis of an experimentally obtained structure.
The simulations carried out treat the foams as infinitesimally dry (i.e., zero film and Plateau border thickness), which is a reasonable approximation to the experimental conditions for the dry foam structures reported here (with liquid fraction less than 1%). In foams with bubbles with diameter of the order of the capillary length, the liquid fraction is considerably higher (up to 36% [19] ) which would require different simulation methods.
The simulation of structures which are periodic in one direction only (i.e., along the tube) suggests the use of the Surface Evolver's Torus model [20] . The surface of the structure is represented computationally by a discretized mesh, which can be refined to increase the number of surface elements and hence achieve more accurate modelling (the points on the mesh can be averaged to ensure uniformity of surface coverage). Surface minimization is performed at every refinement stage.
The default energy minimization method used by the Surface Evolver is gradient descent [21] . This technique moves points on the surface mesh in the direction negative to the gradient of the energy vector i.e., in the direction of steepest descent. However, gradient descent is a first-order method and successive steps can be inefficient, as the solver 'zig-zags' towards a (local) energy minimum. The Surface Evolver provides a higher-order (and much more efficient) method called conjugate gradient descent [21] . This method combines information from previous steps to find a more direct route to the energy minimum.
A robust minimization technique therefore involves applying conjugate gradient descent to successive mesh refinements until the surface is deemed sufficiently close to equilibrium. At this point the Hessian minimization [22] may be used. The Hessian command solves the Hessian matrix and determines its eigenvalues to jump directly to an energy minimum. The Hessian matrix is the square matrix of the second-order partial derivatives of the surface energy function; that is, it describes the local curvature of surface energy. If the Hessian is positive definite at some point x, then x is a local minimum of the function. Where the Hessian command can not be used successfully (i.e., for some structures in the cylindrical geometry), extensive conjugate gradient minimization must be carried out.
In simulation the value of λ for a fixed foam topology is changed by changing the tube cross-section while holding bubble volume fixed at V b = 1. The A c c e p t e d M a n u s c r i p t structure is then minimized, resulting in one energy value for the given value of λ and the given topology. This contrasts with experiment, where the tube size is fixed and the bubble size is varied.
In this paper we present energy per bubble in the periodic unit cell of the foam. Values for energy are obtained in units of γV
where γ is the surface tension and V B is the bubble volume.
In these simulations it is generally found that there is a finite range of λ for which a structure of a given topology can be minimized. The endpoints of these ranges indicate required structural changes, at which an edge length or face area shrinks to zero. The Surface Evolver cannot deal with the required topological change, so once a topology becomes 'impossible' an alternative topology must be entered manually (based on experimental observations). An example of such a change is shown in Figure 4 , where the decrease in λ leads to the gradual shrinking of a square face. Figure 5 shows how values for the decreasing surface area of a face may be extrapolated to find a stability bound for a particular structure. Figure 4 : The onset of a topological change in the Goldberg-3 (G-3, see Section 3.1 structure is shown above. As λ is decreased, the upper edge of the highlighted face shrinks, eventually disappearing at λ = 1.8. This is the lower bound for this structure. The upper bound may be found by increasing λ and watching for similar topological changes. Note that all images shown correspond to fully minimized structures (for the given value of λ). M a n u s c r i p t Figure 5 : The limit of stability for a structure of given topology may be found by extrapolating the area of a face or the length of an edge to zero as λ (see Figure 3) is varied. For structures in the square geometry, the topological change involves the area of a square face going to zero. The figure shows computations of the area of the shrinking square over a range of λ values for several structures, including the one shown in Figure 2 (the other structures are described in Section 3.2). The dashed lines show the fitted extrapolations (of second or third order polynomials) to zero area, and hence the limiting λ value.
A c c e p t e d M a n u s c r i p t Figure 6 : As λ is increased past 1.9, s-1 (the "bamboo" structure) is no longer the structure of lowest energy. Note however that in experiments the transition to s-2 ("staircase") does not occur where the energy curves overlap but instead at λ = 2.2.
Catalogue of Structures
This section consists of a catalogue of all experimentally observed dry ordered foam structures in confined geometries which have also been successfully simulated.
The results for the circular cross-section, and some for the square crosssection, have been previously published by us. We include them here (see Figure 7) for completeness of the catalogue and in a unified style combining experimental and numerical results. The computed values of surface energy per unit cell are shown as bold lines for the range of λ where the structure has been observed experimentally. We also show upper and lower bounds of stability for the structures, as obtained from our simulations. Tables 1, 2 and 3 give experimentally obtained ranges of λ, together with upper and lower bounds of stability (where available) from simulations, see Section 2.2 for details.
As a rule of thumb, when structures can be compared across different tube geometries (with equal number of bubbles per unit cell), the cylindrical structure will have the lowest minimum energy, followed by the square structure, with the triangular structure having the highest.
Circular Cross Section
Ordered structures in tubes of circular cross-section ("cylindrical structures") have previously been presented in [4, 5, 6, 12, 13, 14, 16, 17, 23, 24] where their labelling was based on a description of their hexagonal surface structure.
A c c e p t e d M a n u s c r i p t
The surface can be 'rolled out' on a plane, and is conveniently described a phyllotactic nomenclature [25] (arising from the description of the arrangements of leaves on plants). According to this notation, all structures are annotated by the parameters l, m, n with l = m + n. These parameters relate to the description of the structure as a spiral: a strip whose width contains m or n hexagons can be wound on the cylinder to create a structure.
This notation fails for the simplest (bamboo) structure, and also for any structures involving bulk cells. We have nevertheless decided to include the notation in Figure 7 and Table 1 to facilitate comparison with earlier work. We chose a different notation for the structures in the square and triangular confinements. Figure 7 shows the energy profiles for the structures as obtained from Surface Evolver calculations. Observed experimental ranges are marked as bold lines over the simulated results.
The experimental ranges for each structure are provided in Table 1 , with bounds of stability as determined from simulation. Examples of experimentally observations and simulation are shown in Figure 8 .
It is obvious from Figure 7 that the Surface Evolver simulations are not sufficient to determine the ranges of stability for the observed structures, which are, however, hard to obtain with accuracy in experiment (see Section 2.1). Note however that the observed ranges always include the respective minimum values for energy.
As the value of λ is increased, the surface energy becomes dominated by the bulk, and for this reason we have included the energy of a bulk Kelvin foam (consisting of multiples of Kelvin's tetrakaidecahedron) as a dotted line in Figure 7 . This decrease towards a bulk value is even more visible in our simulations of square structures (Figure 9 ) in the next section.
Square Cross-Section
Ordered foam structures in tubes with a square cross-section, produced by glueing four perspex tubes together, have previously been studied in [7] . We will label the structures s-N , where s stands for 'square' and N is the number of bubbles in the unit cell.
Previously, only four structures (s-1, s-4, s-9, s-16) had been found experimentally [7] , although it was argued that more structures should be expected, filling in gaps in the observed number of bubbles per unit cell. We have now carried out further experiments, leading to the identification of a total of 7 such square structures. Each of these has also been simulated using the Surface Evolver. Figure 9 shows the corresponding energy profiles, and Table 2 shows the ranges of λ (both experimental and simulated). Examples of structures in the square geometry are shown in Figure 2 and Figure 10. 
Triangular Cross-Section
We have now also carried out experiments and simulation for foams confined in tubes of triangular cross-section (equilateral triangles). As in the experiments M a n u s c r i p t Figure 7 : Energy profiles for all simulated cylindrical structures -Results of surface energy calculations for the structures identified in tubes with circular cross-section, as a function of λ. The surface energy for each structure is plotted over the range for which energy minimization could be carried out (with upper and lower bounds of stability where known). The dotted line marks the energy of the bulk Kelvin structure (with an energy of 5.305 in nondimensional units). Bold lines indicate the range of λ for which each structure has been observed experimentally. Structures without internal bubbles are labelled according to phyllotactic notation [25] , while those with internal bubbles are labelled according to the type of internal bubble observed. The Goldberg-3 structure. This structure has a cell with 15 sides in its centre, and features bidisperse hexagons along the cylinder wall (λ ≈ 2.4 for both images). It is produced by wetting (and subsequently drying out) a 633-1k structure, which has a Kelvin cell in its bulk [5] .
A c c e p t e d
A c c e p t e d M a n u s c r i p t A c c e p t e d M a n u s c r i p t with square tubes, the triangular tubes are produced by glueing together sheets of perspex. For convenience, we will refer to structures in tubes of triangular cross-section as "triangular structures", and label them as t-N (where t stands for 'triangle' and N is the number of bubbles in the unit cell). Surface Evolver simulations of all four experimentally observed triangular structures have been performed. The energy profiles for the structures are displayed in Figure 11 . The experimental ranges for each structure are provided in Table 3 , with bounds of stability as determined from simulation. Examples of experimentally observations and simulation are shown in Figure 12 . A c c e p t e d M a n u s c r i p t 
Conclusions & Outlook
We have presented above a comprehensive overview of the simpler ordered foam structures that form in confinements of circular, square, and triangular cross-section. Simulations with the Surface Evolver allow us to numerically calculate the dependence of surface energy on λ and the limits of stability. We find that the ranges over which structures form generally tend to lie in regions where that structure has lower energy than the available alternatives.
It is possible to conceive of and simulate many more such structures (within the λ ranges considered). However, it is likely that they are very hard to achieve experimentally. For example, there was considerable difficulty in observing the t-2 structure (due to the presence of alternative lower-energy structures, see Figure 11 ), and the Goldberg-3 required a modification of the standard production procedure [5] . In some cases, structures were observed when a lower-energy structure was available at that λ value. This can be attributed to a history effect in the system (see Section 2.1), where bubbles pack onto bubbles already in the tube. This 'template' may prevent lower-energy structure from forming. In future work, templates may be fabricated to encourage the deliberate formation of desired structures.
Our future work in this area will now focus on Surface Evolver simulation of moderately wet confined foam structures, with liquid fraction of up to 10%. By calculating energy as a function of the liquid fraction, comparisons may be made to experimental work on transitions between structures as the liquid fraction is slowly increased [26] .
For even higher values of liquid fraction the bubbles take on more spherical shapes. Their packing is then more akin to the packing of spheres. The comparison of sphere packings in cylindrical tubes with such bubble packings will be addressed in a future paper by Meagher et al. [27] .
A c c e p t e d M a n u s c r i p t
